For advanced applications in modern industry it is very important to reduce the volume of ferroelectric nanoparticles without serious deterioration of their polar properties. In many practically important cases fixed volume (rather than fixed size) corresponds to realistic technological conditions of nanoparticles fabrication. The letter is focused on the theoretical study of the behavior of ferroelectric polarization, paramagnetoelectric coefficient and phase diagrams of semi-ellipsoidal nanoparticles with fixed volume V. Our approach combines the Landau-Ginzburg-Devonshire phenomenology, classical electrostatics and elasticity theory. Our results show that the size effects of the phase diagrams and polarization of semiellipsoidal BiFeO 3 nanoparticles nontrivially depends on V. These findings provide a path to optimize the polar properties of nanoparticles by controlling their phase diagrams at a fixed volume.
I. INTRODUCTION
Overall miniaturization of functional ferroic materials is highly attractive for modern industry, however, the estimation of the physical properties at nanoscale level is a difficult scientific task. The resulting alteration of the physical properties with a reduction of the sample size down to a nanoscale range is currently an area of intensive study [1, 2, 3, 4] . Modern fabrication technologies for microactuators, microwave phase shifters, infrared sensors, transistor applications, energy harvesting devices etc. need comprehensive understanding about the correlation between samples sizes and their geometry, on the one hand, and polar and magnetic order, domain sizes, domain wall thickness and other parameters, on the other hand [1] [2] [3] [4] .
Reduction of the ferroic dimension down to a nanoscale level leads to drastic changes (including notable enhancement or suppression) of its polar, magnetic, and magnetoelectric properties. Multiple examples have been found experimentally and explained theoretically, e.g. in Rochelle salt [5, 6, 7, 8, 9] , BaTiO [ 3 10, 11, 12, 13, 14, 15] , Pb(Zr 1−x Ti x )O 3 [16, 17, 18] , KTa 1- [19, 20, 21, 22] , SrTiO 3 [23] , and SrBi 2 Ta 2 O 9 [24, 25, 26] ferroelectric nanoparticles, as well as for pristine [27, 28, 29, 30, 31] and rare-earth doped [32, 33, 34, 35, 36, 37 ] BiFeO 3 multiferroic nanoparticles, nanograins, nanoislands [38] and their self-assembled arrays [39, 40, 41] .
BiFeO 3 based materials continue to attract significant scientific interest due to the number of phase transitions and related changes in the unique multiferroic properties [42, 43, 44, 45, 46, 47, 48, 49] under different stimuli such as chemical doping, pressure, temperature and radiation.
However, most studies [27, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [27, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] there is no self-consistent model describing the evolution of the polarization as a function of grain volume in the nanoscale range for different grain geometries.
Recently [29] the size effects on phase diagrams, ferroelectric, and magnetoelectric properties of semi-ellipsoidal BiFeO 3 nanoparticles clamped to a rigid conductive substrate have been studied using the Landau-Ginzburg-Devonshire (LGD) phenomenology [53, 54] .
Nanoparticles of semi-ellipsoidal shape are considered as model objects to study size effects on physical properties of ferroic nano-islands. BiFeO 3 nano-islands and their self-assembled arrays can be formed on anisotropic substrates by different low-damage fabrication methods [39, 40, 41] .
The above state-of-art analyses motivated us to conduct a theoretical study of the size effects on ferroelectric properties of semi-ellipsoidal BiFeO 3 nanoparticles under a fixed volume condition
[ Fig. 1 ] corresponding to the realistic experiments [39, 40, 41] . We have used LGD phenomenology combined with the classical electrostatics and elasticity theory. x-component contains the ferroelectric (P) and background (~E x ) contributions,
, where is the universal dielectric constant. The ferroelectric contribution, , was determined from the LGD equation inside a nanoparticle [29] ,
where the coefficient , T is the absolute temperature, and is the bulk Curie temperature of the paraelectric-to-ferroelectric phase transition. The parameters β ( ) ( )
C T P and γ P are the coefficients of LGD potential expansion on the polarization powers. Boundary conditions for the polarization P 3 at the particle surface S are regarded to be natural, ( ) 0
Electric field is defined via electric potential as
For a ferroelectric particle without free charges, the electric potential ϕ can be found self-consistently from the Laplace equation outside the nanoparticle ( ) and Poisson equation inside the
). The corresponding electric boundary conditions are the continuity of potential at the particle surface S, ( ) 0
, and the difference of normal components of electric displacements, which is equal to the surface screening charge density at the particle surface S, ( )
, where inside the particle and outside the particle; λ is the surface screening length. The subscript "i" corresponds to the electric field or potential inside the particle and "e" -outside the particle. The potential is constant at the particleelectrode interface, i.e.
We calculated the spatial distribution and the average electric field inside the BiFeO 3 particles using finite element modeling (FEM), the material parameters of which are listed in Table   I . The parameters of BiFeO 3 are collected from Refs. [42] [43] [44] [45] [46] [47] [48] [49] 29] . LGD coefficient a S m 2 /F 10
LGD coefficient
LGD coefficient a m/F -10 7 (at 300 K) By analyzing the FEM results in Ref. [29] we derived sufficiently accurate analytical expression for the transition temperature from the ferroelectric (FE) to the paraelectric (PE) phase
The effective depolarization factor ( )
in Eq. (2) depends on the semi-ellipsoid geometry as listed in Ref. [29] . The average spontaneous polarization that is nonzero in the temperature range
In expressions (2)- (3) the sizes a, b and c are related by the fixed volume condition,
i.e. only 2 of them can be varied independently. Rewriting the expressions for from Ref.
[29] vs. the volume at a ≈ 13 nm. The shape of the curves for V=5×10 4 nm 3 is qualitatively the same as for V=5×10 3 nm 3 , but differs quantitatively, because the smallest semi-axes length, when an intersection occurs between the transition line for b a =0.1 (black curve) with the curves for other particle aspect ratio, is a ≈ 8 nm. Hence it is important to explain the origin of the intersections. Based on the analytical expressions (2)- (6) (4) is an ambiguous function of a and γ at fixed V.
III. SIZE EFFECTS OF POLARIZATION AND PHASE DIAGRAMS AT FIXED VOLUME
The spontaneous polarization dependences on the length of ellipsoid semi-axis a calculated for fixed particle volume 5×10 = V 
IV. PARAMAGNETOELECTRIC (PME) COEFFICIENT AT FIXED VOLUME
Below we consider only the paramagnetoelectric (PME) effect at fixed volume that exists even in a paramagnetic phase and is insensitive to the magnetic symmetry changes in nanoparticles.
As it was shown in Refs. [56, 57] the PME coefficient η is proportional to the biquadratic magnetoelectric coupling (ME) coefficient MP ξ that couples the second powers of polarization and magnetic order parameters, average spontaneous polarization
given by Eq. 
Approximate expression for magnetic susceptibility is taken the same as in Ref. [29] ,
. Equation (7) ξ are the biquadratic ME coefficients, which couple with the second powers of polarization and magnetic order parameters in the ME energy.
The dependences of the PME of the coefficient on the volume of the half ellipsoid V, calculated at room temperature (T = 300 K) for various values of the half-ratio b a are shown in The comparative analysis of Fig. 5 (a) -(c) confirms our conclusion that the size effects for spontaneous polarization and PME coefficient are sensitive to the ratio 2 a bc in the direction of polarization for a given volume and less sensitive to the absolute sizes of the nanoparticles.
V. CONCLUSION
To resume, using a combination of the Landau-Ginzburg-Devonshire phenomenology, classical electrostatics, and elasticity theory, we have studied the size effect on the phase diagrams and ferroelectric polarization of semi-ellipsoidal BiFeO 3 nanoparticles with three different semiaxes and fixed volume V. The fixed volume condition corresponds to realistic technological conditions of nanoparticle fabrication [39] [40] [41] . Our analysis utilizes the analytical expressions derived in the earlier study [29] for the dependence of the ferroelectric transition temperature, average polarization and PME coefficient on the particle size, and here we account for the fact that the product of the particle's semi-axes abc is fixed, since the semi-ellipsoid volume is 
